Abstract. Let M be a convex body with C+ boundary in R°, d > 3, and consider a polytope P. (or P(" ) ) with at most n vertices (at most n facets) minimizing the Hausdorff distance from M. It has long been known that as n tends to infinity, there exist asymptotic formulae of order n-2/(d-1) for the Hausdorff distances 8H(Pa , M) and 8H(P(5), M). In this paper a bound of order n- 5/(2(d-1)) is given for the error of the asymptotic formulae. This bound is clearly not the best possible, and Gruber [9] conjectured that if the boundary of M is sufficiently smooth, then there exist asymptotic expansions for SH(P", M) and 8H (P(5) , M). With the help of quasiconformal mappings, we show for the three-dimensional unit ball that the error is at least f (n) • n -2 where f (n) tends to infinity. Therefore in this case, no asymptotic expansion exists in terms of n -2/ (d-l) = n -l .
Introduction
Assume that M is a convex body with C 2 boundary in Rd , and 3 is one of the notions of distance among the Hausdorff metric, the Banach-Mazur metric, or Schneider's notion of distance. Consider a polytope P" (or P(") ) with at most n vertices (at most n
facets) minimizing 8(M, P") (or S(M, P(") )).
In the last two decades, much effort and many brilliant ideas have been put into obtaining asymptotic formulae for S (M, P") and
8(M, P(") )
as n tends to infinity. After initial ideas by L. Fejes T6th (in dimensions 2 and 3) [6] and results by McClure and Vitale in the plane [13] , it was Schneider who provided for the first time an asymptotic formula in higher dimensions [ 14] ; namely, he considered the Hausdorff distance for convex bodies with C+ boundary. A new understanding of the problem came by the method developed by Gruber [7] . This method could handle all related questions (say for the Banach-Mazur distance), and the the assumption on the boundary could be relaxed to C. See Gruber's comprehensive surveys [8] and [9] for a detailed history of this field. The central problem of this paper is to estimate the error of these asymptotic formulae as n tends to infinity.
First we introduce the notions of distance of convex bodies K and P which we consider. Note that the support function of a convex body K is defined as hK(u) = maxXEK (x, u) .
Hausdorffmetric: SH(K, P) = max" Esd-IhM(u) -hp(u)J; namely, the maximum of the distances of the points of K from P. and the distances of the points of P from K. Banach-Mazur metric: Let the interiors of K and P contain the origin. Then SBM(K, P) is the minimum of lnA such that there exists a linear transformation T satisfying TP C K C X • TP. Schneider's distance: Let P be contained in K. Then 6SCH(K, P) is the maximal volume of a cap cut off from K by a supporting hyperplane of P.
Observe that the Hausdorff metric is a metric on the space of convex bodies, while the Banah-Mazur distance is a metric for convex bodies which contain the origin in their interiors if convex bodies and their linear images are identified. On the other hand, Schneider's notion of distance is not a metric, and actually not so important as the other two notions.
We consider a convex body M. Then 8M can be covered by a family of open neighborhoods on 8M such that each of them is the graph of some convex function in d -1 variables. If each function is Ck , k > 2, then d M is a Ck manifold. In this case, the second fundamental form Qx can be defined at each x E 8M, and the Gauss curvature K(x) is the determinant of Q. The convexity of M yields that Q x is positive semidefinite, and we say that M is C+ if the second fundamental form Qx is positive definite at each x E 8M; or, equivalently, if K (x) is positive at each x. The basic reference about the properties of smooth convex bodies is the book [15] by Schneider, and see Section 2.2 for the properties we need.
Next we list the known asymptotic formulae where P,, (P(") ) denotes a best approximating polytope with at most n vertices (facets) with respect to the given metric. If aM is C+ then these results were proved by Gruber (see [8] and [9] for references). Integration is with respect to the induced measure on d M as a C2 hypersurface in IRd , which measure coincides with the Hausdorff (d -1)-measure. The exterior unit normal at a point x E 8M is denoted by v(x). Finally, we denote the minimal density of a covering of Rd-1 with congruent balls by #d-1, and the volume of the (d -1)-dimensional unit ball by Kd_ 1. Then 
In the case of the Hausdorff metric, the same asymptotic formulae are proved assuming that P, is inscribed, or that P, is circumscribed (only with double constant). The integral which appears in the formula for the Banach-Mazur distance is the so-called centro affine surface area, and it is invariant under linear transformations (see [3] or [11] ). In addition, the integral which appears in the formula for Schneider's distance is the so-called affine surface area, and it is invariant under volume-preserving affine transformations (see [3] or [1 1] 
The same formulae hold if P" is replaced by some polytope P(s) with at most n facets.
It is clear from the proof of Theorem 1.1 that Theorem 1.1 holds even if the only assumption on the boundary of M is that it is C+, and the coefficients of the second fundamental form Q x are Lipschitz functions of the local parameters.
We also show (see Corollary 3.1) that the analogous formulae hold for convex hypersurfaces which are open subsets of the boundary of some convex body, only one needs the appropriate definition of approximating polytopal hypersurfaces.
Next we discuss possible improvements on the error term. For a convex domain M in ]182 , let Pn be some convex polygon with at most n vertices containing M. If the boundary of M is C+ and P, minimizes the Hausdorff distance from M, then
holds (see [12] ) where a2 (M) is given above, and a4 (M) depends on M. We remark that if the boundary of M is C+ and the area of P, is maximal, then there exists an infinity expansion for the area of M\P" in terms of 1/n 2 (see [161) . These facts point to the conjecture of [9] that for sufficiently smooth convex bodies with positive curvature in Jd , there exists an asymptotic expansion of 3(M, Pa ) .
In order to obtain more information about the expected order of the error term in higher dimensions, assume that M is the d-dimensional unit ball B d , d > 3. Let Pn (P(n)) be the polytope with at most n vertices (facets) which minimizes SH (B2 , Pn ) (SH(B 2 , P(n))). We prove that
. (1) We note that the analogous estimates follow directly for the Banach-Mazur distance or Schneider's notion of distance. If d = 3, then an equivalent estimate was proved in the Masters thesis [5] of G. Fejes Toth utilizing the method of van der Waerden [17] . As a lower bound on the error term, we prove that
n n2
where f (n) tends to infinity. This shows that 6H (B3 , P") cannot have a series expansion in terms of ,j 2/(d-= 1/n. It seems to be plausible that the right order of the error term in Theorem 1.1 is
Exactly the same can be said about the error term if the polytopes are assumed to be inscribed or circumscribed.
Remark about Packing and Covering. Approximation of Bd by polytopes in the Hausdorff sense is intimately connected to the problem of covering Sd-1 with equal balls. Let R,,(Sd-1 ) (r"(Sd-1 )) be the minimal (maximal) radius of n equal balls in Sd-1 which form a covering (packing). Denote the maximal density of packing equal balls into Rd-1 by 8d 1. The method of proving the results above yields the following statements:
On the other hand, we prove that
Rn (S) > 3^ + n3J2 and
where fo(n) tends to infinity. While the upper estimates for the error terms have been [17] and [5] ), the trivial lower estimate of order n -2 had not been improved before in spite of various efforts.
The paper is organized as follows: First we prove Theorem 1.1, then we extend it to Jordan measurable subsets of the boundary of 8M. Finally, we verify the lower bound on the error term.
2. The Proof of Theorem 1.1
We start with coverings by congruent ellipsoids in R d-',what is followed by constructing almost flat patches on M. We verify Theorem 1.1 first for the Hausdorff metric and for P" in order to present the main ideas, then we consider the other metrics, and we close the section by explaining the necessary alterations for P(,).
Coverings in Rd`'
We consider coverings of a Jordan measurable set J in Rd-1 . 
For a > 2r, let Na (r) be the minimal number of r balls in Td -1 which cover Td-I , and denote by Fa (r) a set of centers of Na (r) balls with radius r in Td-1 which cover Td-1 We use the following property of 6d_1: for any e > 0, there exists a positive ao(e) such that if a > ao(e) • r, then
Kd_t r -Kd_1 r -
In the argument below, after choosing e, we always fix some a > ao(e) • r with a > diam J + 4r, and assume that J + rBd-i is embedded into Td-1 Let e > 0. Now (6) yields that there exists a copy of J which is covered by at most a -td-1) • If + rBd-1 1 • N°(r) balls of radius r, and the upper bound for Nj(r) is a consequence of (7) and of the arbitrariness of e.
Next, we suppose indirectly that
for some positive E. Now (6) and (7) The inradius with respect to the Euclidean metric is denoted by 'O(C). If r < P(C), then readily
ICl _< ice l Bd-1 
Subdividing the Boundary
Let M be a convex body with C 2 boundary. For some x E 8M, denote the tangent hyperplane at x by H, and hence an open neighborhood U of x in 8M is the graph of a convex C 2 function f defined in the projection Vx of U into Hx . Denote the derivative of f at z by lZ and the quadratic form representing the second derivative of f by qZ . We deduce using the Taylor expansion of f that if y, z E V, then
where w = y + t (z -y) for some 0 < t < 1. In particular, the second fundamental form atxisQx=qx. 
For small co > 0, fix a maximal system (xi, ... , xk.) of points on 3M such that d (xi , x1) > cw. Then for any x E 3M there exists an x ; satisfying d(x, x1 ) < 2w. We define P4, as the polytope bounded by the tangent hyperplanes F1 1 , i = 1 Proof. Since L(v(x), v(x,)) = 0(w) holds for x E Sgt by (9), we deduce that the inradius of F, is at least 3 w, and the circumradius is at most 3w for small w. This yields k and (i). In addition, (ii) follows as d(x, x') = 0(w2 ) holds for x E 52; . Finally, (9) yields that (v(x), v(xi)) = 1 -0(co2) holds for x E 52 ; , and hence (iii) and (iv) are consequences of (8) , and the fact that the second fundamental form is Lipschitz. q
Polytopal Approximation
Let M be a smooth convex body, let P be a polytope in Rd , and assume that x E a M and y E a P satisfy that d(x, y) = 31 (M, P). We use, without mentioning, the following:
Fact. Proof. We observe that if the spherical distance of x, y E Sd-' is R,then (10) In addition, we have Rn ( 5d_ 1 ) n -i / (d 1) , and let En be a family of centers in a covering of Sd-1 by n spherical balls of radius Rn First assume that Pn C Bd , and hence the vertex set is contained in Sd-1 . The affine hull of each facet of P, cuts off a spherical ball from Sd-1 . Since the maximal radius of these balls equals the minimal radius of spherical balls centered at the vertices which cover Sd-1 , we deduce
by (10) . The convex hull of En yields an upper bound of the same order for 8H (Pn , B"). Next, assume that Pn is circumscribed around Bd . Let E C Sd-1 be the set of radial projections of the vertices of P,, and hence there exists an x E E such that the spherical distance of x from any points of E is at least Rn (5'1_ i)• Now there exist vertices v 1 , ... , vd of P. such that their convex hull lies on B P,, and the radial projection of the convex hull contains x. Denote by x, the radial projection of vi into S d-1 . Since aff{vi , ... , vd} avoids int Bd, we may assume that (x -v1, v(x)) _< 0, and hence (10) yields (11) . In order to construct a well approximating polytope, move each point of E n outwards radially with a distance of
I • Rn (S"-j )2 • ( 1 + c n2/(dl))
for a suitable positive constant c, and let Q n be the convex hull of these points. If c is chosen large enough, then (10) 
On the other hand, readily Y_ n, < Nsd-I (r), and hence Lemma 2.3 (iv) yields that

Nsd-i (r) > (1 + 0 (r 2t 3 )) #d-1 dKd
Kd-1 r d-I
In order to obtain an upper bound on Nsd-1 (r), we may choose a c depending on d with the help of Lemma 2.3(iii) such that if the spherical distance of x, y E Q i is r, then d(x', y') > (1 -c • r 213 ) • r. We cover each F, by the minimal number n, of balls of radius (1 -c • r 213 ) • r. Then projecting the centers orthogonally to aff F1 into 52, we obtain a covering of c2-by n, spherical balls of radius r. Here the same formula holds for n, as above, therefore we conclude (12) , and in turn (1) .
Next, let M be a convex body with C+ boundary, and assume that the coefficients of QX are Lipschitz functions of the local parameters on 8M. We denote by R"(8M) the minimal R such that on 8M, some n balls of radius R with respect to the metric determined by the second fundamental form cover M.
Lemma 2.5. If P" is a polytope with at most n vertices which minimizes the Hausdorff distance from M, then
If P" is assumed to be inscribed or circumscribed, then 4 should be replaced by 2 .
Proof. We deduce by (8) 
(13)
Since R,, (a M)
n -11(d-1) , the proof can be completed analogously to the proof of Lemma 2.4. q For small r, denote by Nam (r) the minimal number of balls of radius r with respect to the metric determined by the second fundamental form which cover 3M. We deduce by Lemma 2.5 that Theorem 1.1 for P,, and for the Hausdorff metric is equivalent to the estimate
(14)
Kd-1 fam rd-1
For both the upper bound and the lower bound on NaM(r), apply Lemma 2.3 with co = r 1 /2 • Then (14) can be verified analogously to (12) .
The Banach-Mazur Metric and Schneider's Distance
These notions of distance can be dealt with in a similar way as was done for the Hausdorff metric. If M = Bd, then the formulae follow directly from the estimates for the Hausdorff metric. So let 8M be C+, and assume that the coefficients of the second fundamental form are Lipschitz functions of the local parameters.
We consider the Banach-Mazur distance. First we write it in a form which is more suitable in our context: Let P be some polytope containing the origin in its interior. Assume that {F3) is the family of facets of P, and x1 E 8M is the point where the exterior normals coincide with the exterior normals to F1. Then M C P is equivalent to saying that for each j, we have hM(v(x J )) < hp (v(x3 ) ). Now assume that P C M and ss is the distance of x3 from aff Fj (the depth of the corresponding cap). Therefore the minimal A satisfying M C A• P is
For x E 8M, consider the quadratic form QX = 1/hM(v(x)) • Q X on the tangent hyperplane, whose coefficients are Lipschitz functions of the local parameters. We deduce by (15) that the same argument as for the Hausdorff metric gives the result for the Banach-Mazur distance, only the Riemannian metric on 8M determined by Qx should be replaced by the Riemannian metric determined by Q.
We turn to Schneider's notion of distance. Assume that P, C M is a polytope with at most n vertices such that SSCH(M, P") is minimal. It follows that for large n, the cap avoiding int P" whose volume is Sscx(M, P") is cut off by the affine hull of a facet of P. We denote the family of facets of P,, by { F3 ), and the furthest point of the cap cut off by aff F) from aff F) by x3 . Let dam (x3 , yj ) = RR for some yj E aff F) fl aM. Then (8) 
Therefore the case of Schneider's notion of distance can be handled as the case of the Hausdorff metric, only the Riemannian metric on 8M determined by Q X should be replaced by the Riemannian metric determined by the quadratic form K(x)-11(d+l)Qx
The Case of the Facets
Let 3M be C+, and assume that the coefficients of the second fundamental form are Lipschitz functions of the local parameters.
For large n, consider an x E 3 M, and a hyperplane H parallel to the tangent hyperplane at x and intersecting M such that distance r of H from x is O(n - 21(d -1) ). Let z E H, and assume that the closest point y of 8M to z satisfies that daM(x, y) = R with R = O (n -t1(d -' ) ). Then (8) (16) (16) . We note that the two sides of (16) are nonpositive exactly if z E M.
Let P(n) be a polytope with at most n facets minimizing SH(M, P(n) ). We claim that
and if P(" ) is assumed to be inscribed or circumscribed, then 4 should be replaced by 2.
We may assume that P(n) has n facets, and each facet intersects M. We denote the facets by Ft, ... , F, and let x E 8M be the point where the outer normal is the same as for F1, and we denote by r1 the distance of x from aff F3 (here rj = 0 if P(n) is circumscribed). There exists a y E 8M such that dam(y, x^) >_ R(3M) holds for j = 1, ... , n, and denote by z1 the point of aff F3 such that y -z1 is normal to 3M. It is readily enough to consider x^ satisfying that daM(xJ, y) = O(n -I I (d-t) ), and hence (16) yields that SH(M, P( ) ) is at least the expression in (17) . On the other hand, well approximating polytopes can be constructed choosing x1, ... , x" E 8M so that for any y E 8M there exists an x with dam (y, x3 ) < R, (3M), and letting r1 = 0 if the polytope should be circumscribed, r1 = (1 + c/n11(d-t)) ZR"(8M)2 with a suitable c if the polytope should be inscribed, and r1 = 4 R, (8M) 2 otherwise. Therefore Theorem 1.1 follows from (14) in case of the Hausdorff metric (and, naturally, with the improved error term for the ball).
Finally, the same alterations of the Riemannian metric on 8M are needed as for P" in the cases of the Banach-Mazur metric and Schneider's notion of distance.
Convex C2 + Hypersurfaces
Let M be a convex body with C 2 boundary. We consider an open, Jordan measurable subset X of 3M such that is (x) > 0 if x E 3M is contained in a neighborhood of the closure of X.
Let Y be a Jordan measurable subset of a polytope P, which we call a convex polytopal hypersurface. We say that Y approximates X if Y consists of the points y of OP such that v(x) is an exterior normal at y for some x E X. We say that Now we extend the notions of distance to X and Y. Observe that for x E X, we have The only real exception is the Banach-Mazur distance, in this case the definition has been substantially altered. On the other hand, the lack of linear transformation is irrelevant in our context because linear transformations keep the family of faces.
When applying the same argument for X as for 8M, everything works by simply substituting X for 3M except for the fact that some patches S2; intersect the boundary of X. Since X is Jordan measurable, the proportion of the total area of these patches tends to zero, and hence the analogous asymptotic formula holds for the best approximation of X.
In order to obtain some estimate on the error of the asymptotic formula, we need better control of the total area of the patches near the boundary of X. So call a set or C R d rectifiable if it is the finite union of images of subsets of R d-2 by Lipschitz maps. If a is a rectifiable subset of 8M, then for small t (see pp. 42-44 of [4] , but it is rather easy to prove), 
Remark. If the Y"'s are assumed to be inscribed or circumscribed, then SH(X, Y) is twice the value above. In addition, the same formulae hold if the number of facets is at most n.
If o E int M and the metric is the Banach-Mazur metric, or Y" C M and the distance is Schneider's notion of distance, then the analogous formulae hold.
Lower Bound on the Error Term
In this section we prove (2) nk for some constant c2. In each formula below, the implied constant in 0 () depends only on c2.
The way to find a contradiction is to construct an isometry of open subsets of S 2 and R2 with the help of (19). The construction is based on the theory of quasiconformal mappings, an idea which goes back essentially to Gauss.
Assume that g is a function defined on a subset of S 2 into 112. We call g a (1 + s)-isometry if for any two x, y in the domain of definition, we have
(1 + s) -'ds z (x, y) d(f (x), f (y)) ( 1 + s) -ds2 (x, y).
Now for a spherical triangle T with vertices v1, v2, v3, we construct a map gT, n : T -+ TT as follows: fix a linear bijective map from conv{vl , V2, v3} onto Tn , and define gT,n as the composition of this linear map and the radial projection from T onto conv{vl, v2, v3 }.
We say that T is (1 + so)-isomorphic to Tn, if gT,n is a (1 + E)-isometry.
We note that among the spherical triangles contained in a fixed spherical circle, the inscribed regular triangle, and only that, maximizes the area. We deduce Let E" be the family of centers of n spherical circles, with radius Rn (S2 ), which cover S2 . Triangulate the surface of cony E" using the vertices, and project radially the triangles into S2 . This way we obtain a triangulation cZ of S2 , a so-called Delone triangulation corresponding to E. The circumradius of each triangle in O n is at most Rn (S2). Proof. Denote the number of triangles in S2nk which are not (1 + e)-isomorphic to T nk by Nnk . For any triangle T in S2nk , we call the quantity ITI -I Tnk I the excess of T. The sum of the excesses is readily zero, therefore (19) and Proposition 4.1 yield that 1 >0.
-Nnt'C(E)'ITn,t l+nk'C nk^ITnkI
In turn, we conclude the existence of C(s).
We call a vertex in Onk an _e-skew vertex if it is the vertex of a triangle in SZ nk which is not (1 + s)-isomorphic to Tnk . There exist at most 3C(s) s-skew vertices, and e < so yields that each non-s-skew vertex in S2 nk has degree six by Proposition 4. 1(iii). We may assume by Proposition 4.2 and possibly taking a subsequence of {nk } that there exist Pl, ... ' Pm E S2 , m < 3C(s0), such that the set of s o -skew vertices of S2nk tends to (P1, ... 'Pm) . ). Choose ro > 0 and q E S2 such that the spherical distance of q from { p i , ... , pm } is larger than ro. After rotating S 2 slightly for each Onk , we may assume that q is a vertex of each S2 nk , and the set of so-skew vertices of S2nk still tends to If S2 is a triangulation of S2 or 1R2 , and u, v are vertices of 0, then the graph theoretic distance of u and v is defined as the smallest cardinality of a set {v 1 , ... , vk} of vertices such that Vk = v and each pair ( u , VI) and {vi, v i +l}, i = 1, ... , k -1, is formed by the endpoints of some edge. Let St n be a_triangulation of 1R2 such that the origin o is a vertex, and each triangle is congruent to Tn , and let Hn (Ha ) denote the union of the the triangles of On (S2n ) such that the graph theoretic distance of each vertex of the triangle from q (from o) is at most ro /2e.
We may assume that each triangle T of Onk in Hnk is (1 + co)-isomorphic to Tnk , and any vertex of T has degree six in 2k• We deduce that Hnk is a subset of the spherical circle of center q and radius ro , and there exists a sense-preserving bijection hnk: Hnk Hnk such that the restriction of h nk to any triangle T of S2nk in Hnk is the composition of a congruence and gT, nk . In particular, hnk is a (1 + so)-isometry on these triangles.
The union of the edges of S2 nk such that both endpoints have graph theoretic distance [ro/2enk ] from q, is a simple closed curve ynk • Denote a closest point of ynk to q by qnk. Then the triangle inequality yields that hnk is a (1 + so)-isometry of the spherical circle with center q and radius ds2 (q,, q), and hence
I
^en,r0 r0 dsz (qnk q) 1+50 ' Q(Hnk ) = 1+S o 2 1 ro I > 4
